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The azimuthal anisotropy of particle production in a heavy ion collision can be characterized by the Fourier expansion of the particle azimuthal angle distribution \[[@CR1]\],$$\documentclass[12pt]{minimal}
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                \begin{document}$$V_n=v_n\exp (in\varPsi _n)$$\end{document}$ is the *n*th complex anisotropic flow coefficient \[[@CR2]\]. The $\documentclass[12pt]{minimal}
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                \begin{document}$$\varPsi _n$$\end{document}$ are the magnitude and phase (also known as the *n*th order symmetry plane angle) of $\documentclass[12pt]{minimal}
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                \begin{document}$$V_n$$\end{document}$, respectively. Anisotropic flow plays a major role in probing the properties of the produced medium in heavy ion collisions at the BNL RHIC \[[@CR3]--[@CR6]\] and CERN LHC \[[@CR7]--[@CR9]\]. Studies of flow harmonics higher than the second order \[[@CR10]--[@CR12]\], flow fluctuations \[[@CR13]--[@CR16]\], the correlation between the magnitude and phase of different harmonics \[[@CR17]--[@CR24]\], and the transverse momentum ($\documentclass[12pt]{minimal}
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                \begin{document}$$(\eta )$$\end{document}$ dependence of symmetry plane angles \[[@CR25], [@CR26]\], have led to a broader and deeper understanding of the initial conditions \[[@CR3], [@CR27]\] and the properties of the produced hot and dense matter. There are significant correlations between the symmetry plane angles of different orders \[[@CR20]\], which indicate that higher-order mixed harmonics can be studied with respect to multiple lower-order symmetry plane angles.

In hydrodynamical models describing the quark-gluon plasma (QGP) created in relativistic heavy ion collisions, anisotropic flow arises from the evolution of the medium in the presence of an anisotropy in the initial-state energy density, as characterized by the eccentricities $\documentclass[12pt]{minimal}
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                \begin{document}$$v_{3}$$\end{document}$, are to a good approximation linearly proportional to the initial-state anisotropies, $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon _{3}$$\end{document}$, respectively \[[@CR10], [@CR17]\]. In contrast, $\documentclass[12pt]{minimal}
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                \begin{document}$$V_4$$\end{document}$ and higher harmonics can arise from initial-state anisotropies in the same-order harmonic (linear response) or can be induced by lower-order harmonics (nonlinear response) \[[@CR1], [@CR28], [@CR29]\]. More specifically, these harmonics can be decomposed into linear and nonlinear response contributions as follows \[[@CR1], [@CR28]\]:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \begin{aligned} V_4&= V_{4 L} + \chi _{422} V_2^2,\\ V_5&= V_{5 L} + \chi _{523} V_2 V_3,\\ V_6&= V_{6 L} + \chi _{624} V_2 V_{4L} + \chi _{633} V_3^2 + \chi _{6222} V_2^3,\\ V_7&= V_{7 L} + \chi _{725} V_2 V_{5L} + \chi _{734} V_3 V_{4L} + \chi _{7223} V_2^2 V_3, \end{aligned} \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\chi $$\end{document}$ are the nonlinear response coefficients. Each nonlinear response coefficient has its associated mixed harmonic, which is $\documentclass[12pt]{minimal}
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                \begin{document}$$V_n$$\end{document}$ measured with respect to the lower-order symmetry plane angle or angles. The strength of each nonlinear response coefficient determines the magnitude of its associated mixed harmonic. The $\documentclass[12pt]{minimal}
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                \begin{document}$$V_1$$\end{document}$ terms are neglected in the decomposition in Eq. ([2](#Equ2){ref-type=""}) because the correlation between $\documentclass[12pt]{minimal}
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                \begin{document}$$V_{1}V_{n-1}$$\end{document}$ was shown to be negligible after correcting $\documentclass[12pt]{minimal}
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                \begin{document}$$V_{1}$$\end{document}$ for global momentum conservation \[[@CR28]\]. This analysis focuses on the terms that only involve the two largest anisotropic flow coefficients $\documentclass[12pt]{minimal}
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                \begin{document}$$V_3$$\end{document}$ on the right-hand side of Eq. ([2](#Equ2){ref-type=""}). The procedures used to extract both mixed-harmonic and nonlinear response coefficients are given in Sect. [4](#Sec4){ref-type="sec"}.
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                \begin{document}$$v_3$$\end{document}$ coefficients to evaluate hydrodynamic theories because these flow observables have a strong dependence on the initial anisotropies, which cannot be experimentally determined or tightly constrained. In contrast, most of the nonlinear response coefficients are not strongly sensitive to the initial anisotropies, which largely cancel in the dimensionless ratios used to determine these coefficients \[[@CR1], [@CR28], [@CR31], [@CR32]\]. As a result, their experimental values can serve as unique and robust probes of hydrodynamic behavior of the QGP \[[@CR31]\].

Most previous flow measurements focused on $\documentclass[12pt]{minimal}
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                \begin{document}$$\varPsi _n$$\end{document}$, which does not separate the linear and nonlinear parts of Eq. ([2](#Equ2){ref-type=""}). Direct measurements of the mixed higher-order flow harmonics, $\documentclass[12pt]{minimal}
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                \begin{document}$$\varPsi _2$$\end{document}$, already exist at both RHIC \[[@CR33]\] and LHC \[[@CR11]\] energies, but were performed using the event plane method \[[@CR34]\]. This method has been criticized for yielding an ambiguous measure lying somewhere between the event-averaged mean value $\documentclass[12pt]{minimal}
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                \begin{document}$$v_n$$\end{document}$ distribution, depending on the resolution of the method \[[@CR13], [@CR16], [@CR35]\]. This ambiguity can be removed by using the scalar-product method \[[@CR35], [@CR36]\], which always measures the root-mean-square values of $\documentclass[12pt]{minimal}
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This paper presents the mixed higher-order flow harmonics and nonlinear response coefficients for $\documentclass[12pt]{minimal}
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                \begin{document}$$|\eta |<0.8$$\end{document}$. To compare the mixed flow harmonics with the overall flow coefficients, the higher-order flow harmonics with respect to the same-order symmetry plane, measured using the scalar-product method, are also presented.

The CMS detector {#Sec2}
================

The central feature of the CMS apparatus is a superconducting solenoid of 6$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\, \text {m}$$\end{document}$ internal diameter, providing a nearly constant magnetic field of 3.8$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\, \text {T}$$\end{document}$. Within the solenoid volume are a silicon pixel and strip tracker, a lead tungstate crystal electromagnetic calorimeter, and a brass and scintillator hadron calorimeter, each composed of a barrel and two endcap sections. In this analysis, the tracker and the forward hadron (HF) calorimeter subsystems are of particular importance. The HF uses steel as an absorber and quartz fibers as the sensitive material. The two halves of the HF are located 11.2$\documentclass[12pt]{minimal}
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Event and track selections {#Sec3}
==========================

This analysis is performed using minimum bias $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm {PbPb}$$\end{document}$ data collected with the CMS detector at $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sqrt{\smash [b]{s_{_{\mathrm {NN}}}}} = $$\end{document}$ 5.02 and 2.76$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\,\text {TeV}$$\end{document}$ in 2015 and 2011, corresponding to integrated luminosities of 13$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\,\mu \text {b}^{-1}$$\end{document}$ and 3.9$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$\,\text {GeV}$$\end{document}$ and the presence of both colliding bunches in the interaction region as determined using the BPTX. By requiring colliding bunches, events due to noise (e.g., cosmic rays and beam backgrounds) are largely suppressed. In the offline analysis, events are required to have at least one reconstructed primary vertex, which is chosen as the reconstructed vertex with the largest number of associated tracks. The primary vertex is formed by two or more associated tracks and is required to have a distance of less than 15$\documentclass[12pt]{minimal}
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                \begin{document}$$\,\text {GeV}$$\end{document}$ in each of the two HF calorimeters. The average number of collisions per bunch crossing is less than 0.001 for the events used in this analysis, with a pileup fraction less than 0.05%, which has a negligible effect on the results. Events are classified using a centrality variable that is related to the degree of geometric overlap between the two colliding nuclei. Events with complete (no) overlap are denoted as centrality 0 (100)%, where the number is the fraction of events in a given class with respect to the total number of inelastic hadronic collisions. The centrality is determined offline via the sum of the HF energies in each event. Very central events (centrality approaching 0%) are characterized by a large energy deposit in the HF calorimeters. The results reported in this paper are presented up to 60% in centrality. The minimum bias trigger and event selections are fully efficient in this centrality range.

Track reconstruction \[[@CR37], [@CR41]\] is performed in two iterations to ease the computational load for high-multiplicity central $\documentclass[12pt]{minimal}
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Analysis technique {#Sec4}
==================

The analysis technique follows the method described in Refs. \[[@CR1], [@CR28]\] using detector information from both HF and the tracker. The notation $\documentclass[12pt]{minimal}
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With the assumption that the linear and nonlinear terms in Eq. ([2](#Equ2){ref-type=""}) are uncorrelated, the nonlinear response coefficients in each $\documentclass[12pt]{minimal}
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Systematic uncertainties {#Sec5}
========================

Six sources of systematic uncertainties are considered in this analysis. The systematic uncertainty due to vertex position selection is estimated by comparing the results with events from vertex position ranges $\documentclass[12pt]{minimal}
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The charged-particle tracking efficiency depends on the efficiency of detecting different types of charged particles and the species composition of the set of particles. Two event generators ([hydjet]{.smallcaps} \[[@CR42]\] and [epos lhc]{.smallcaps} \[[@CR43]\]) with different particle composition are used to study the tracking efficiency, and the systematic uncertainty is obtained by comparing the results using efficiencies from the two generators mentioned above. The systematic uncertainty from this source is 3% for the mixed harmonics and less than 1% for the nonlinear response coefficients, with no dependence on $\documentclass[12pt]{minimal}
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The sensitivity of the results to the centrality calibration is evaluated by varying the trigger and event selection efficiency by $\documentclass[12pt]{minimal}
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